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1 Introduction

Eugene Charles Catalan conjectured in 1844 that 2% and 32 are the only con-
secutive powers of natural numbers. The conjecture could be proven only in
2002 by Preda Mihailescu. Further information about Catalan’s conjecture
and Mihailescu’s proof can be found in [M04]. Instead of looking at powers of
natural numbers one can also study powers of coprime polynomials, where the
goal is to find the smallest possible degree of the difference. In 1965 the math-
ematicians Birch, Chowla, Hall and Schinzel made the following conjecture in
[BCHS65].

Conjecture 1.1 (Polynomial Catalan conjecture). For coprime polynomials
A, B € C[X] with degrees deg(A) = 2k and deg(B) = 3k the difference R =
A3 — B? has degree deg(R) > k + 1. Furthermore, this bound is attained for
infinitely many values of k.

The lower bound was proven by Davenport in the same year. The attain-
ability statement took longer to prove, in 1981 W. Stothers could show in
[S81] that the lower bound is attained for all values of k. We will give a proof
of the polynomial Catalan Conjecture following the idea of N. Adrianov, F.
Pakovich and A. Zvonkin from the book [APZ20]. The approach of their proof
is to relate the problem of the polynomial Catalan conjecture to the theory
of holomorphic maps between Riemann surfaces. Riemann studied these sur-
faces in the 19th century, the most concise definition of a Riemann surface
is that it is a connected, 1-dimensional complex manifold. One can define
holomorphic maps between these surfaces and an important result called the
Riemann-Hurwitz formula relates properties of a holomorphic map between
Riemann surfaces with their genera. Riemann already used a special case of
the formula, although a proof was given only later for example by Hurwitz.
An exposition of the Riemann-Hurwitz formula can be found in [O16]. This
formula will also be the central tool in our proof of the lower bound of the
polynomial Catalan conjecture. To show the attainability we will work with
dessins d’enfants. These are plane graphs arising from certain holomorphic
functions between the Riemann sphere and itself. Since they encode impor-
tant information about their corresponding holomorphic function, we will be
able to shift the study of holomorphic functions to the study of their dessins.
Dessins d’enfants were first introduced in 1984 by A. Grothendieck in the Es-
quisse d’un programme and are currently an active area of research.

In Section 2 we will introduce Riemann surfaces and holomorphic maps
between them. Furthermore we define the needed concepts for the subsequent
sections, such as ramification, degree, and genus. To define the genus, we
will also briefly touch upon cohomology and homology. A part will also be



dedicated to triangulations of Riemann surfaces, since they are needed in the
proof of the Riemann-Hurwitz formula.

Section 3 states four fundamental theorems concerning Riemann surfaces, in-
cluding the Riemann-Hurwitz formula. Since only the Riemann-Hurwitz for-
mula will be directly applied in the last chapter, it will be the only theorem
in that section for which we give a proof.

Finally, in Section 4 we will work towards proving the polynomial Catalan
conjecture.

I want to thank my advisor Prof. Dr. Peter Jossen who was very helpful
in answering all of my questions and providing me with an interesting topic.
Furthermore, I want to thank Vanessa Hausermann and Lukas Oestmann for
carefully proofreading the thesis, and Ruilong Wéckerlin for giving useful feed-
back on parts of the thesis.

2 Riemann surfaces

2.1 Riemann surfaces and maps

We start by introducing the concept of a Riemann surface, and giving some
examples. We will define holomorphic maps between Riemann surfaces and
show some properties about them that will be needed later. As a general
reference for this section several textbooks about Riemann Surfaces were used,
namely [D11, Chapters 3,4, 7], [F81, Chapters 1,2], [FK92, Chapter I], [M95,
Chapters I-I11], [S14, Chapter 4]. If nothing specifically stated, the proofs we
present here follow the proofs that can be found in these textbooks.

Definition 2.1. A Riemann surface is a connected, 1-dimensional complex
manifold.

To be more explicit, a Riemann surface M is a Hausdorff topological space
with a family of open subsets {U,}acs for some index set I, such that this
family covers the space M, that is,

UJU. =M
acl

Additionally, for each a € I there is a homeomorphism z, : U, — V,, where
V., is an open subset of the complex plane C. These homeomorphisms have to
satisfy that Vo, § € I the transition map

20 0 z,gl 1 28(Ua NUB) = 20(Us N Up)

is holomorphic.



Definition 2.2. For a Riemann surface M, the pair (U,, z,) as described
above is called a chart or local coordinate of M and the collection of all charts

{(Uas 2a) aer is called an atlas of M.

From the definition it is clear that an open connected subset U C C is a
Riemann surface. Indeed, U is a Hausdorff space as a subset of C and an atlas
is given by the chart (U,id|y). Furthermore, every open and connected subset
of a Riemann surface is again a Riemann surface by restricting the charts.

Example 2.3. An important example of a Riemann surface is the Riemann
sphere P!C. As a topological space, it is the one-point compactification of C.
The one-point compactification is defined to be the topological space P'C =
CU {oo}, where oo denotes an element not already contained in C. The open
sets of the compactification are given by the open subsets U C C together
with the sets U C P'C containing the point oo and such that P'C\ U C C is
compact in C. This topological space is Hausdorff and we will give an explicit
atlas to show that P!C is a Riemann surface. The pair (Uy,21) = (C,id) is
a chart with the identity map id : C — C. The second chart in the atlas is
(Uy, z5) = (P'C\ {0}, 22), where the map 2 is given by

zg:IF’l(C\{O}—>(C,a:»—>%

with the convention = = 0. We claim that the set {(U,21), (Uz, 22)} is an
atlas. The two transition maps coincide

1
z1ozyt =202 C\ {0} = C\ {0}, T

We see that the transition maps are holomorphic functions because 0 is not in
their domain, which shows that we have given the Riemann sphere the struc-
ture of a Riemann surface.

The name Riemann sphere can be explained because the Riemann sphere is
homeomorphic to the 2-dimensional sphere S? € R? as topological spaces.
The notation P'C denotes the complex projective line, which is also homeo-
morphic to the one-point compactification of the complex plane.

Before we introduce holomorphic maps between Riemann surfaces, we will
first view them as real 2-manifolds with smooth transition maps. This allows
us to study whether a Riemann surface is orientable or not, recall the following
definition.

Definition 2.4. A real n-dimensional manifold is called orientable if it has
an atlas where the Jacobian of every transition map has positive determinant
at every point in its domain. The n-manifold together with such an atlas is
called oriented.



Because Riemann surfaces satisfy the additional property that their tran-
sition maps are holomorphic, we can determine the question about their ori-
entability in general.

Proposition 2.5. Riemann surfaces are oriented.

Proof. We follow the proof given in Chapter 1.2 of [G89]. Let M be a Riemann
surface with atlas {(Uy, 24) }acr. For any «, 5 € I the transition map

Zaf = %o © zgl 1 28(Ua NUR) = 24 (U, N Up)

can be written as z.p(x + 1y) = u(z,y) + iv(z, y) where z + iy € 23(U, N Up)
is any point, and u and v are smooth real-valued functions. This allows us to
view the Riemann surface as a 2-manifold, so we can check the definition of
orientability. The Jacobian .J._,(zo,%0) at the point (2o, y0) € 23(Us N Up) of
the function z,s viewed as a smooth function between open subset in R? as
described above is

@(f Yo) 8—u($0 Yo)
Jz Zo, = 8‘5 > 8% ’ ) .
aﬁ( 0:%0) (%(l’myo) g—y(wo,yo)

The determinant is

ou ov ou ov
det(J.; (70, 40)) = %(%ﬁyo) : 8—y($0,yo) - é?_y(%’yO) . %(ﬂfo,yo)-

Since z,p is holomorphic, the functions u and v satisfy the Cauchy-Riemann
equations

8u_8v
dr  dy
8u_ ov
dy Oz

Substituting the Cauchy-Riemann equations in the expression for the deter-
minant of the Jacobian gives

det (., (0, 40)) = (%(fﬁoayo)>2 + (Z—Z($oayo)>2~

Thus det(.J.,,(z0,90)) > 0 at every point (z,yo) in the domain, which shows
that M is oriented. O

Definition 2.6. Let f : M — N be a continuous map between Riemann
surfaces M and N. The map f is called holomorphic at a point p € M if there
exists charts (U, z) of M with p € U, and (V,w) of N with f(p) € V such that
the composition w o f o 27! is holomorphic at z(p).
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Definition 2.7. A continuous map f : M — N between Riemann surfaces
is called holomorphic if for every local coordinate (U, z) of M and every local
coordinate (V,w) on N the composition

wo foz t:z2(UNfHV)) = w(V)
is holomorphic.

After having introduced the above definitions for maps between Riemann
surfaces, we want to see how they relate to each other. Thus consider the
following proposition.

Proposition 2.8. Let f : M — N be a continuous map between Riemann
surfaces. The map f is holomorphic if and only if it is holomorphic at every
point p € M.

Proof. We use the idea from the proof of [M95, Lemma 1.2.]. First assume
that f is a holomorphic map, then it is clearly holomorphic at every point
pe M.

Conversely, assume that f is holomorphic at every point p € M. Let (U, z2)
and (V,w) be arbitrary charts of M and N respectively and fix any point
po € UN f~1(V). By assumption the map f is holomorphic at py, thus there
exists a chart (U, z9) of M with py € Uy, and a chart (Vp,wy) of N with
f(po) € Vj such that the composition wy o f o z;* is holomorphic at zo(po).
The charts (U, z), (V, w) and the point py were arbitrary, so to finish the prove
of the proposition it is enough to show that wo foz~! is holomorphic at z(po).
We can rewrite the composition

wo foz ' =wo (wy'owy)ofol(zg'oz)oz?
— (woup")o (woo f o) o (z07)

with z(po) in its domain. Note that w o wy ' and 2z 0 z~1 are transition maps

of the Riemann surfaces M, respectively N and thus they are holomorphic.
The term wg o f 0 z; ' in the middle is holomorphic at zy(py) by assumption.
Hence the composition is also holomorphic at z(pg). ]

Example 2.9. We will give an example of a holomorphic map between Rie-
mann surfaces. Let M = N = P!C be the Riemann sphere from Exam-
ple 2.3, using the same atlas. Consider an arbitrary, non-constant poly-
nomial P = Y " ja;X" € C[X] with a, # 0. This polynomial can be
viewed as a continuous map f : M — N where we set f(oo) = oo and
Vo € C f(z) = > a;x’. To verify that f is a holomorphic map we will use
the equivalence from Proposition 2.8 above. First, we check that f is holo-
morphic at points p € C. Since the image f(C) = C, we can use the chart

(U1, z1). The composition z, o f o 2, becomes

f:C—C, 2~ f(z)=a0+axz+ ... + aa”

6



as both charts are the identity function. Clearly, this is a holomorphic function
on C, so we have shown that f is holomorphic at every point p € C C P!C. It
is only left to show that f is holomorphic at oo € P'C. Since f(oo) = oo, we
need to use the chart (Us, z5). The composition is

zpo fo 22’1 : ZQ(]P)l(C \ ({0} U f’l(O))) — C,
1 "

(1/x) T 4ot + "+ . +ay

.Ii—}f

At the point z3(00) = 0, the above composition is the quotient of two holo-
morphic maps where the denominator does not vanish because a, # 0 by
assumption. Hence the composition is holomorphic at 0, and f is holomorphic
at co. Altogether, this shows that f : P'C — P'C is a holomorphic map.

Note that because the definition of holomorphic maps between Riemann
surfaces uses holomorphicity only locally, all of the local properties of holomor-
phic functions on open sets in the complex plane also hold for holomorphic
maps between Riemann surfaces. We will see some examples of this below
with the Identity Theorem and the Open Mapping Theorem.

Proposition 2.10 (Identity Theorem). Let f,g : M — N be holomorphic
maps between Riemann surfaces. If there exists a set A C M with a limit point

a € M such that the restrictions satisfy f|la = gla, then f = g identically on
M.

Proof. We follow the proof of [F81, Theorem 1.11.]. Consider the set
D = {pe M |3IW C M an open neighbourhood of p such that f|w = g|w}.

From the definition, it is clear that D C M is an open subset, and we will show
that it is also closed. Let p € D be any point in the topological boundary of
D. From the continuity of f and g it follows that f(p) = g(p). By restricting
charts if necessary, we can choose a chart (U, z) of M with p € U and a chart
(V,w) of N such that f(U) C V and g(U) C V. Consider the compositions

f=wofozl:2(U)— wl)
Gg=wogozt:z(U)—w(V).

Since f = § on 2(U N D) # & and the set 2(U N D) has a limit point z(p) €
2(U), we can use the Identity Theorem on the complex plane to derive that
f = § identically on z(U). This implies f = g on U as both z and w are
homeomorphisms. We have shown that on the neighbourhood U of p, the
maps [ and g are identical, hence p € D. Because p was an arbitrary point
of the boundary of D, it follows that D equals its closure and hence is closed
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itself.

We claim that D # &, in particular that the point ¢« € D. This can be
shown by choosing charts (U’,2) of M and (V’,w’) of N such that a € U,
and f(U") Cc V', g(U") C V'. Applying the Identity theorem for holomorphic
functions in C for the compositions w’ o f o (2/)~! and w’ o go (2')~! as above
shows that a € D. To conclude, we have shown that D C M is a non-empty
set that is open and closed. Hence by the connectedness of M it follows
M = D. O

Remark 2.11. For a non-constant holomorphic map f : M — N between
Riemann surfaces, the preimage f~1(q) for any point ¢ € N is discrete. Indeed,
if the preimage f~!(g) were not discrete, by the Identity Theorem it would
follow that f is identical to the constant map ¢, : M — N,p — ¢. This is a
contradiction to the assumption that f is not constant. In particular, if M is
compact the preimage f~'(q) is finite, as a closed discrete subset of a compact
space is finite.

Proposition 2.12 (Open Mapping Theorem). Any non-constant holomorphic
map f: M — N between Riemann surfaces is an open map, that s, for any
open subset U C M, the image f(U) C N is open.

Proof. Let U C M be an open set, let {(U,, 24) taer denote the atlas of M,
and {Vj3,ws)}ges the atlas of N. The image f(U) can be written as

fU)=f (U(U N U@) = J rwunvw).

acl acl

We show that for any o € I, the image f(U NU,) is open in N. This finishes
the proof as it implies f(U) C N is open as a union of open sets. Fix any
a € I, since the {Vj}ges cover N, we have

UNU, =|JUNU N[ (Va))
BeJ

For any 8 € J we can consider the composition
o =wgo foz':2,(UsN f1(V3)) = we(Vp).

This is a non-constant holomorphic map on C, because if f were locally con-
stant on U, N f~*(V3), then f would be globally constant by the Identity
Theorem. We can apply the Open Mapping Theorem in C for the map ¢ and
it follows that ¢(zo(U NU, N f71(V3))) is open in wg(Vj). Since both z, and
wg are homeomorphisms, this implies f(U N U, N f~1(V3)) C Vj is open. As



a chart, the set V3 C N is open, thus f(UNU, N f~%(V3)) C N is an open
subset of N. This holds for any € J, so each

FUNU) = FUNTUN (V)

peJ
is open as a union of open subsets. O

Proposition 2.13. Let f : M — N be a non-constant holomorphic map
between Riemann surfaces, where M is compact and non-empty. Then the
map f is surjective.

Proof. By the Open Mapping Theorem, the image f(M) C N is open. Because
f(M) is the image of a compact set under a continuous map, it is compact.
As any compact subset of a Hausdorff space is closed, it follows f(M) C N
is closed. We conclude that f(M) = N, since N is connected and f(M) is a
non-empty subset that is both open and closed. O

Remark 2.14. By Proposition 2.13 above, a holomorphic, non-constant map
f : M — N between Riemann surfaces where M is compact is surjective. In
particular, N is the image of a compact space under a continuous function,
hence N is also compact. This further implies that every holomorphic map
from a compact Riemann surface to a non-compact Riemann surface must be
constant.

Definition 2.15. The Riemann surfaces M and N are said to be isomorphic
as Riemann Surfaces or holomorphically isomorphic if there exists a map f :
M — N that is a holomorphic bijection with holomorphic inverse, that is, f
is biholomorphic.

Example 2.16. Another important example of Riemann surfaces are elliptic
curves. To construct an elliptic curve, consider two complex numbers wy, ws €
C that are linearly independent over R. They define a lattice

['=wZ+ weZ = {win +wam | n,m € Z} C C.

We consider an equivalence relation on the complex numbers C, where z,z € C
are equivalent if and only if their difference satisfies z — x € I". The set of
equivalence classes is denoted C/T" and we equip it with the quotient topology.
Recall that in the quotient topology a set U C C/T" is open if and only if
71 (U) C C is open, where 7 : C — C/T" denotes the projection. Since the
projection 7 is a continuous and surjective map, and C is connected, it follows
that the image C/T" of the projection map is also connected. One can verify
that the topological space C/I" is Hausdorff. Note that 7 is an open map, for
if V' C C is an open subset we have that

@ (V) = J{vtw|veV}

wel
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which is open as it is a union of open subsets in C. By the definition of the
quotient topology this shows that =(V)) C C/T" is open.

To show that C/I" is a Riemann surface, the only thing left is to give an atlas.
Consider an open subset V' C C such that any two points u,v € V define
different equivalence classes in the quotient C/T". The image (V) C C/T" is
open as we have shown above. We denote U = 7(V'), the restriction map
7|y : V — U is bijective, continuous, and open because it is the restriction
of an open map to an open subset V' C C. Hence it follows that 7|y is a
homeomorphism and thus ¢ = (v]y)”" : U — V is a chart of C/T. Let
{(Ua, ©a) }acr be all the charts we can construct in this way. Clearly the open
sets U, cover C/I", we need to show that the transition maps are holomorphic.
Let oo : Uy — Vo, o3 : Us — Vg, o, € I be two charts and denote the
composition

Pa © 9051 :0a(Ua NUp) = pa(Ua N Us)

by 1. Note that for any z € ¢3(U, N Up) it holds

T((2)) = m(@alps' (2)) = 7((nlv.) " ((7]v,)(2))) = 7(2).

Hence 9(z) and z are equivalent in the quotient C/I", that is, ¥(z) — z € T.
This implies that the image of the map

€:pp(UaNUg) = C, 2= 9(2) — 2

lies in the discrete subset I' C C. The map ¢ clearly is continuous and thus it
must be constant on each connected component of pz(U, NUsg). In particular
¢ is a holomorphic map, and thus the transition map v is holomorphic as well.
One can further show all the elliptic curves that arise for some choice of
R—linearly independent w;,ws € C are homeomorphic as topological spaces
to the standard torus T = S! x S'. Thus we also call these Riemann surfaces
complex tori. But it is important to note the difference that they are not all
isomorphic as Riemann surfaces. In other words, there exists a homeomor-
phism between every two elliptic curves but this homeomorphism is not in
general a biholomorphic map between them.

Definition 2.17. A holomorphic map from a Riemann surface M into C is
called a holomorphic function on M.

Remark 2.18. For any compact Riemann surface M, the holomorphic func-
tions on M are precisely the constant functions. This follows from Remark
2.14, as C is not compact.

We denote the set of all holomorphic functions on a Riemann surface M by
O(M). From the case of holomorphic functions on C, one can see that for two
holomorphic functions on M their product and sum is again a holomorphic

10



function on M. With the constant functions with value 0 and 1, the set O(M)
forms a ring.

As all the constant functions M — C are clearly holomorphic on M, there
exists a ring homomorphism C — O(M), that sends an element z € C to
the constant function with value z. Hence we can further view O(M) as a
C-algebra.

Instead of only considering the holomorphic functions on the whole Riemann
surface M, we can assign to every open subset U C M the ring O(U) of
holomorphic functions on U. For any open sets U C V C M, the usual
restriction of functions gives a ring homomorphism O(V) — O(U). After a
verification one sees that O defines a sheaf of rings on the topological space
M.

After holomorphic functions, we also want to introduce meromorphic func-
tions on Riemann surfaces. In the following definition, a punctured neighbour-
hood of a point p on a Riemann surface M means a set U \ {p}, where U C M
is an open neighbourhood of p.

Definition 2.19. Consider a function f : M — C on a Riemann surface M
that is holomorphic on a punctured neighbourhood of a point p € M. The
function f has a removable singularity at p € M if there exists a chart (U, z) of
M with p € U, and such that the composition foz~! has a removable singular-
ity at z(p) in the usual sense for complex valued functions on C. Analogously,
we define poles and essential singularities of f at the point p.

Definition 2.20. A function f : M — C on a Riemann surface M is called
meromorphic at the point p € M if it is holomorphic, has a pole, or has a
removable singularity at p. Furthermore, the function f is meromorphic on an
open set U C M if it is meromorphic at every point p € U.

We denote the set of all meromorphic functions on a Riemann surface M
by M(M). After multiplying or adding two meromorphic functions we get an-
other meromorphic function. The constant functions are holomorphic, hence
in particular also meromorphic, and thus M(M) is also a C-algebra. Analo-
gous to meromorphic functions on C, we can divide meromorphic functions in
M(M) and get a meromorphic function on M again when the denominator is
not constantly 0 on M. This shows that M (M) is a field.

2.21. A meromorphic function f : M — C on a Riemann surface M can be
viewed as a holomorphic map f : M — P'C. To realize this, we set f (p) = o0
for any pole p € M of the function f, and remove all the removable singularities
of f. It follows from the case of meromorphic functions on C that for any pole
p of f, the limit

lim|f(z)| = oo.

T—p
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This ensures that f is continuous. We need to show that f is also holomorphic
on M. For any point p € M where f is holomorphic, we can find a chart
(U, z) of M with p € U and use the chart (C,id) of P'C as f(p) € C. The
composition

idofozt=fozt:2(UNfYC)—C

is holomorphic at z(p) because f is holomorphic at p.

This only leaves us to show that for a pole p € M of f, the map f is holomor-
phic at p. Choose a chart (U, z) of M with p € U. As a chart on P'C, we need
to choose (V,w) where V = P'C\ {0} and w : P'C\ {0} — C,z —  to ensure
that f(p) = oo € V. The composition p = wo foz1:2(UN f (V) = C
is continuous at z(p) as it is a composition of continuous functions. Hence we
can calculate the limit

lim [p(z)| = lim Jw(f(z7"(2)))] = [w(f(z" (z(p)))] = 0.
z—z(p) z—z(p)

In particular we see that z(p) is a removable singularity of ¢ as the above limit
exists and is finite. Hence we can extend ¢ holomorphically at z(p) and thus
f: M — P'C is a holomorphic map between Riemann surfaces.

Conversely, if we have a holomorphic map f : M — P'C between Riemann
surfaces, it is either the constant map with value oo € P'C, or the preimage
f71(c0) is discrete (as we have seen in Remark 2.11). In the latter case, let M
denote M \ f~(c0). The restriction f|; : M — C is a meromorphic function.
In conclusion, there is a correspondence between meromorphic functions on a
Riemann surface M and holomorphic maps between the Riemann surfaces M
and P!C that are not constant with value oo.

Example 2.22. We follow the Example 5.3. in [V96] to characterize the
meromorphic functions M(P'C) on the Riemann sphere. As we have seen in
Paragraph 2.21 above, we can view the meromorphic functions as holomorphic
maps from the Riemann sphere to itself not constant at oo.

Let P and @ be two polynomials with complex coefficients, and assume that
@ # 0. Consider the map

Plz)
Qlx)

with the usual conventions for the points oo € P'C. As a quotient of two
holomorphic functions where the denominator is not 0 everywhere, the map f
is a meromorphic function on P*C because M(P'C) is a field containing the
holomorphic functions.

Conversely, let f be any meromorphic function on P!C. We show f is a rational
function, that is, f is the quotient of two polynomials as above. Since P'C is
compact, by Remark 2.11 the function f has finitely many poles, denote them

f:PIC = PIC, z+—

12



by p1, ..., ps. We consider first the case that all of the poles are in C. For each
pole p; we can write f as a Laurent extension [ = Z;’i_k cij(z — p;)? around
p;. Consider the meromorphic functions

-1
fi 1 P'IC — P'C, fi(2) = Z cij(z—p)

J==ki

for i = 1,...,s. Note that for each i = 1, ..., s, the function f — f; has no pole
at p;, and f; has only one pole, which is p;. Hence by taking the difference
g=f—=>_, fi, we get a meromorphic function without poles. In particular,
g is a holomorphic function on P'C, so it must be constant by Remark 2.14.
It follows that f =g+ > ., f; is rational.

In the other case, f has a pole at co so the function 1/f will satisfy the as-
sumption from the first case that all poles are in C. This implies 1/f will be
rational and thus f as well. In conclusion, we have shown that the meromor-
phic function on the Riemann sphere P!C are the rational functions.

2.2 Degree and ramification

This section further studies holomorphic maps between Riemann surfaces. We
will introduce the degree and ramification index of a holomorphic map. These
concepts help us to better understand how holomorphic maps behave. We
begin with a lemma which is the inverse function theorem for holomorphic
functions. With that result, we will then be able to see how holomorphic maps
behave locally. At the end, we also look at the monodromy of a holomorphic
map. For further reference, we refer again to the textbooks mentioned at the
beginning of Chapter 2.1.

Lemma 2.23. Let f : U — C be a holomorphic function on an open set
U CC andp e U a point such that the derivative f'(p) # 0. There exists an
open neighbourhood U' C U of p, such that the restriction fly : U — f(U')
15 a holomorphic bijection with holomorphic inverse, that s, the restriction is
biholomorphic.

Proof. We will use the inverse function theorem for real functions. Thus, as in
the proof of Proposition 2.5, we view the complex function f as a real function
in two variables. For any z = z +1iy € U, write f(2) = u(x,y) +iv(z,y) where
u and v are real-valued functions on the open set U viewed as a subset of R2.
With this notation, the function f can be viewed as

[UCR SR (z,y) = flz,y) = (u(z,y),v(z,y)).

The determinant of the Jacobian J¢(xg,yo) of f at the point p = x¢ + iy is
det(J¢ (20, y0) = | ' (p)]* > 0,
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as we can see from the calculation in the proof of Proposition 2.5 and the
Cauchy-Riemann equations. Hence we can apply the inverse function theorem
for real functions in two variables, which gives us a neighbourhood U’ C U
of the point p such that the restriction f|y» : U — f(U’) is bijective and
the inverse g = (f|y7)~" is a smooth map, because f viewed as a real map
is smooth. It is only left to show that g is holomorphic. From the inverse
function theorem in the real case we know that the Jacobian of g at a point
¢ = f(p') € f(U') is given by the inverse matrix

Jo(a) = (Jr(p)) ™" (1)

Since f is holomorphic, its partial derivatives satisfy the Cauchy-Riemann
equations. With the relation in (1), it also follows that the imaginary and
real part of the function g satisfy the Cauchy-Riemann equations and thus g
is holomorphic. O

Proposition 2.24. Let f : M — N be a non-constant holomorphic map
between Riemann surfaces. For every point p € M, there exists a unique
integer r > 1 such that there exists a chart (U, z) of M with p € U and a chart
(V,w) of N around q = f(p). These charts further satisfy that the composition
wo foztis equal to the map x — x" on its domain of definition.

Proof. Let (U, 2) and (V,w) be arbitrary charts of M and N around the points
p € M and ¢ = f(p) € N respectively. By composing the charts with a
translation, which is holomorphic, we can assume without loss of generality
that the charts satisfy Z(p) = 0 and w(gq) = 0. The composition

Yp=wo fo(2):2UNFYV)) = w(V)

is a holomorphic function satisfying 1/(0) = 0. Thus for some r € Z>; and
a; € C for i > r where a, # 0, the Taylor expansion of ¢ around 0 is

o x
P(x) = Z apr’ = 2" Z Apogr "
k=0

k=r
The holomorphic function on a neighbourhood of 0 given by

o0

h(z) = Z I

k=0

satisfies h(0) = a, # 0 and by continuity we can find a disc D C C around 0
such that h(x) # 0 for every point € D. Thus there exists a branch of log(h)
in D, let us denote it by ¢. The function

g:D—C, x— x-exp(p(x)/r)
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is holomorphic on D and satisfies

glx)" =" - exp(p(z)) = =" - h(z) = (2)

for every z € D. Note that the derivative ¢’(0) = 1 # 0, hence by Lemma
2.23 we can restrict g to another neighbourhood D C D of 0 on which ¢ is a
holomorphic bijection with holomorphic inverse.

Finally, the composition

z=goz:UN:YD)—C

is a homeomorphism and thus with U = UNZ~(D), the pair (U, 2) is a chart on
M. The transition functions will be holomorphic because g is biholomorphic.
The composition w o f o 27! satisfies the desired property because for every x
in its domain of definition:

(wo for ")) =(wo fo () og )(x) = wlg™ (@) = (alg™ (@) ="

To conclude the proof, we show uniqueness of the integer r. Note that if the
composition wo foz~! as above is given by mapping x ~ 2", for points ¢’ near
q = f(p) but ¢ # g, there are r preimages f~'(¢') because the composition
has r preimages and the maps w and z are bijections. This shows that the
number 7 is independent of the choice of charts and determined only by f,
hence the uniqueness follows. O

The proposition above describes the local behaviour of any holomorphic,
non-constant map between Riemann surfaces. It states in other words that
any such map can be viewed locally as the map that sends x +— 2" for some
r > 1. We say that the map x — 2" represents the holomorphic map f locally.

Definition 2.25. In the setting from Proposition 2.24, the number r is called
the ramification index or multiplicity of f at the point p € M. We denote it
by 7¢(p). We call a point p € M that satisfies r¢(p) > 1 a ramification point.
The image of a ramification point will be called a branch point.

2.26. From the proof of Proposition 2.24 above, we can further see how to
calculate the ramification index of the holomorphic map f : M — N at a
point p € M given any two charts (U, z) of M with p € U, and (V,w) of
N with ¢ = f(p) € V. Consider the composition h = w o f o 27!, and the
translation T, : C — C, z — x 4+ a. The maps

z2—z2(p) =T .p oz
w—w(q) =T g ow

ISTERSY
I

are also charts and achieve that Z(p) = 0 and w(q) = 0, which is the gen-
eralization we first made in the proof. The ramification index r¢(p) appears
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in the proof as the order of the zero at the point 0 of the holomorphic map
wo foZz 1t Since

(o foz)=(Tugow)o fo(lspmoz) " =T uqohoTy,

we can see that the the Taylor expansion of h around z(p) is of the form
h(z) = h(z(p) + Y ax(x — =(p))".
k=n

Hence the ramification index 7¢(p) = r also equals the lowest exponent greater
than or equal to 1 in the Taylor expansion of h around z(p). Note that if we
denote the order of the zero z(p) of the derivative A’ by m, then the ramification
index also equals r(p) = m + 1.

Proposition 2.27. Let f : M — N be a non-constant holomorphic map
between Riemann surfaces. The set R C M of ramification points of f is a
discrete subset of M.

Proof. By the previous Paragraph 2.26, the ramification points of f correspond
to the zeros of the derivatives of the local representations of f. Since derivatives
of holomorphic functions are holomorphic themselves, their zeros are discrete
by a result from complex analysis. It follows that the set R is discrete in
M. O

Definition 2.28. The total branching number by of a non-constant holomor-
phic map f: M — N between compact Riemann surfaces is the sum

by =Y (ri(p) = 1).

peEM
2.29. Proposition 2.27 ensures that the total branching number is well defined.
Indeed, the ramification points R C M of f form a discrete subset in M and
the set R is closed, since by Proposition 2.24 about the local representation
of f, it follows that every point r € M \ R has an open neighbourhood which
does not contain any ramification points. Thus the set of ramification points
is a closed, discrete subset of a compact space M and thus must be finite.
In particular, there are only finitely many non-zero summands in the sum
defining the total branching number.

Example 2.30. Consider the non-constant holomorphic map p : P!C — P'C
given by the polynomial P = " ja; X" € C[X] with a, # 0 as in Example
2.9. We further use the chart (Us, z3) of P'C around oo as in Example 2.3.
Note that this chart satisfies p(co) = oo € U,. We can write the composition

Zp0po 22_1 : z2(]P>1C \ ({0} U f_l(()))) — C,
Tz —z" ( 1 )
apx” + a1z + ...+ a,
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where the second factor does not vanish at 0. We have found a factorisation as
in the proof of Proposition 2.24 and hence the ramification index r,(oco) will
be n, which is also the degree of the polynomial P.

In the following, we define the degree of a holomorphic map. The degree
will be the number of preimages at any point in the range of the holomorphic
map, but to guarantee that this number is well-defined, we have to count the
preimages with their multiplicities, as the following lemma shows.

Lemma 2.31. Let f : M — N be a non-constant holomorphic map between
compact Riemann surfaces. The number

dg)= Y r(p)

PEf~(q)
1s independent of g € N.

Remark 2.32. Before we prove the lemma, note that the sum is finite for
every point ¢ € N. Indeed the set f~'(q) is closed because f is continuous
and by Remark 2.11 it is discrete. Since M is compact, it follows that f~1(q)
is finite.

Proof. In the case where f : C — C is given by z +— 2" for some r € Z>;,
the statement holds because for ¢ = 0 € C the only preimage is 0 and the
ramification index r(0) = r, hence d(q) = r. For every other point ¢’ € C\{0}
the preimage consists of the r distinct rth roots of ¢’. At each of these roots
the ramification index is 1, so d(¢') = r and the statement holds for this choice
of f.

For a general non-constant holomorphic map f : M — N we show that the
map d: N — N, g — d(q) is locally constant. Since the Riemann surface N is
connected, it follows that d is globally constant on N.

Let ¢ € N be an arbitrary point and the preimage f~'(q) = {p1,....,pm}. By
Proposition 2.24, for every i = 1,...,m there exist local coordinates (Uj, z;)
of M such that p; € U; and z;(p;) = 0, and a local coordinate (V,w) of N
around ¢ with w(q) = 0, and such that for each i = 1,...,m the map f is
locally represented by x + z". To get the open neighbourhood V', just take
the intersection of the finitely many open neighbourhoods of ¢ for each ¢ from
Proposition 2.24.

We can further restrict V' to an open neighbourhood V' C V of ¢ such that
for every y € V', the preimages

Indeed, assume that this is not the case. Then there are points arbitrarily
close to ¢ € N with preimages not contained in U. Using these preimages we
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can find a sequence {x;};>; of points in M \ U such that the sequence of the
images { f(z;)};>1 in IV converges to ¢. By assumption M is compact, so there
is a converging subsequence {z;, },>1 with limit point € M. The function f
is continuous, so

fa) = lim f(z;,) =g

This implies @ = py for some i € {1,..,m} which leads to a contradiction as
for every n > 1: x;, ¢ Uy. Using this, it follows from the first case that d(q)
is locally constant in V. H

Definition 2.33. In the setting of Proposition 2.31, we call the number n =
d(q) for any ¢ € N the degree of f and denote it by deg(f). For a constant
holomorphic map f: M — N between Riemann surfaces, we set deg(f) = 0.

Remark 2.34. Note that by choosing a point ¢ € N which is not a branch
point, the degree of f simplifies to

deg(f)= > = Y 1=

pef1(a) pEf1(q)
the number of preimages of ¢ under the map f.

Example 2.35. Let P be a polynomial of degree n, we compute the degree
of the induced holomorphic map p : P!C — P'C as described in the Example
2.9. The preimage p~*(o0) = {oc} consists only of one point, thus the degree
of p is the ramification index at that point. We have seen in Example 2.30
that the ramification index of p at oo is 7,(c0) = n, hence the degree deg(p) =

n = deg(P).
Example 2.36. In this example we calculate the degree of a rational function

P(x)
Q(x)

where P,QQ € C[X] are two coprime polynomials with degrees deg(P) =
n,deg(P) =m and @ # 0.

We first consider the case n > m and calculate the degree of f by counting
the multiplicities of the preimages f~1(0). Clearly the zeros {ay, ..., a,} of the
polynomial P are zeros of f. Since n > m we have f(0co) = oo, so there are no
other zeros of f except for {ay, ...,a,}. The polynomials P and @) are coprime,
so the multiplicity rf(a;) for any 1 < i < r equals the multiplicity «; of the
zero a; from the polynomial P. This holds because we can factorize the Taylor
expansion of f around the point a; as

f(@) = (& = a;)* h(z)

f:PIC—=PCaw f(z)=

18



where h is a function that satisfies h(a;) # 0. Thus deg(f) = > ;_, a; =n by
the fundamental theorem of algebra.

In the case where m > n we calculate the degree by looking at the preimages
of co. Since in this case f(oo) = 0, the only preimages f~!(oo) are the zeros
{b1,...,bs} of Q. To calculate the multiplicities at those points, we need to
consider the composition z;0 f where z, : P'C\ {0} — C,z + 1/z is the chart
of PIC, as we know from Example 2.3. The composition satisfies

_ Q(x)
for any x in its domain of definition. The zeros {b1, ..., by} of the polynomial @
are zeros of z5 o f and we conclude, as in the first case, that the multiplicities
r£(b;) equal the respective multiplicities of the zero b; of ) and hence deg(f) =
m.
For m = n, we can either look at zeros of f or the preimage f~!(0o) to deduce
that deg(f) = m = n similar to the cases above.
Considering all the cases we conclude that

deg(f) = max{deg(P), deg(Q)}.

We will now see how holomorphic maps between compact Riemann surfaces
are related to covering maps. Recall the following definition.

Definition 2.37. A covering map between two topological spaces X and X
is a continuous map p : X — X with the following property. For every point
xo € X there exists an open neighbourhood U of x( such that the preimage
p~H(U) = |}, V; is a disjoint union of open subsets V; C X. Furthermore,
for every j = 1,..,n the restriction ply, : V; = U is a homeomorphism.

2.38. Let f: M — N be a non-constant holomorphic map between compact
Riemann surfaces with degree deg(f) = n. Denote by B C N the set of all
branch points of f, which is finite as a consequence of 2.29. The restriction

f::ﬂM\f*l(B) :M\ f(B) - N\B

has ramification index 1 at every point p € M and hence we can find open
neighbourhoods U of p and V' of f(p) such that f|y is a homeomorphism, that
is, f is a local homeomorphism. Furthermore, since no point ¢ € NN is a branch
point, there are precisely n preimages of ¢q. Since the degree n is finite and
N\ B is connected, it follows that f is an n-sheeted covering map.

Due to this, we call holomorphic maps satisfying the same properties as f
also n-sheeted holomorphic or branched covering maps. If such a map has no
branch points, we call it an unbranched map and it is an n-sheeted covering
in this case. To emphasize that we mean a covering map as in Definition 2.37
above, we also say a topological covering map. See also [F95, Proposition
19.3.].
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2.39. In this paragraph, we will introduce a notion that will appear again
later in Chapter 4, as a reference, we used [M95, Chapter II1.4.]. To begin,
let p: X — X be a topological n-sheeted covering map, thus the fiber p1(q)
of any point xg € X consists of n points and we label them by zq,...,z,. A
loop v € m (X, o) of the fundamental group of X can be lifted to n paths
9 :[0,1] = X for 1 < i < n where 9,(0) = z;. The endpoints of the lifted
paths «; will also be in the fiber of z(, as v is a loop and thus we can write
3i(1) = @) for some function o : {1,...,n} — {1,...,n}. Recall the following
result about topological coverings that can be found for example in [B93,
Corollary 3.5.].

Theorem 2.40 (Monodromy theorem). Let p : X — X be a covering map and
&,B paths in X such that their images a« =poa and  =po B are homotopic
with fived endpoints in X. The starting points &(0) = B(O) are equal if and
only if the endpoints &(1) = B(1) are equal.

It follows from this theorem that the function o we defined above is in fact
a permutation and only depends on the homotopy class of v. Thus the covering
p induces a group homomorphism p : m (X, z9) — S, where S,, denotes the
symmetric group of the set of n elements.

Definition 2.41. The monodromy representation of an n-sheeted covering
map p : X — X is the above group homomorphism p : m (X, zg) — S,.

Proposition 2.42. The action of the set {1,...,n} given by the monodromy
representation p : m (X, z9) — S, of an n-sheeted covering map p: X — X is
transitive if X is path-connected.

Proof. Let X be path-connected and the preimage p~'(z¢) = {z1,..., 2.},
choose arbitrary indices 1 <7, 5 < n. Since X is path-connected, there exists a
path 7 : [0,1] — X with 4(0) = z; and v(1) = z;. The composition v = po7 is
a loop in X, since both z; and x; are in the fiber of zy. By the construction of
the monodromy representation p the permutation p([y]) sends i to j. Because
1 and j were arbitrary, it follows that the action is transitive. O]

With the preceding paragraph 2.38 we are able to extend the definition of
monodromy representations to holomorphic maps between Riemann surfaces.

Definition 2.43. The monodromy representation of a holomorphic map f :
M — N between compact Riemann surfaces with branch points B C N is
the monodromy representation p : m (N \ B,z9) — S, of the covering map

flas-1(m)-

Remark 2.44. Since we consider compact Riemann surfaces, the set of branch
points of f is finite and the degree of f is also finite, thus we only remove
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finitely many points from M if we consider M \ f~1(B). It follows that M \
f~Y(B) is still path-connected and by Proposition 2.42 the action given by the
monodromy representation of f is transitive.

Since we know the local behaviour of holomorphic maps, we can describe
its monodromy representation according to the following proposition. A proof
can be found in [M95, Lemma 4.6.].

Proposition 2.45. Let f : M — N be a holomorphic map between compact
Riemann surfaces and b € N a branch point with k preimages x4, ...,x,. The
cycle structure of the permutation p([y]) given by the image of a small loop v
around b under the monodromy representation p of f is (rf(x1),...,7(zk)).

Remark 2.46. To define a small loop v around a branch point b € N, we
consider an open neighbourhood W C N around b such that the preimage of
W under the map f is a disjoint union of open neighbourhoods around the
preimages of b under f. A small loop around b is a loop starting at the base
point g € N \ B, then following a path « from zy to any point x € W \ b,
going around b in W with winding number one, and finally returning to zy by
following the path « connecting xy to x in reverse direction.

2.47. In the following, we will quickly give a second way to define the degree of
a holomorphic map between Riemann surfaces that coincides with the degree
given in Definition 2.33. Let f : M — N be a holomorphic map between
Riemann surfaces. We consider the fields of meromorphic functions M (M)
and M(N) on M and N respectively. The map f induces a map

[T M(N) = M(M),
o= o) =pof
given by the pull-back. The pull-back f* is a field homomorphism and hence
is injective. This allows us to view M(N) as a subfield of M (M) and thus to
study the degree of the field extension M(M)/M(N). The following proposi-
tion shows the relation to the degree of the map f, although we will not prove

the proposition here. It is proven in a more general way in [H92, Proposition
7.16.].

Proposition 2.48. The degree of a holomorphic map f : M — N between
Riemann surfaces equals the degree of the field extension M(M)/M(N).

2.3 Triangulations

The main result we will give in this section is that any compact Riemann sur-
face can be triangulated. Hence, roughly speaking, we can build any Riemann
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surface by glueing triangles together in a suitable way. First, we will start
with the necessary definitions. We will call a connected topological 2-manifold
a topological surface.

Definition 2.49. A triangulation of a compact topological surface S is a

decomposition
s=n
i=1

into finitely many closed subsets T; such that each of these is homeomorphic
to a triangle 7" in R? via the homeomorphism ¢; : T — T;. We call the image
T; C S a triangle for every 1 < i < n, and the images under ¢ of the vertices
and edges of the triangle T will be called vertices and edges as well. The
triangles 7; in the decomposition of S have to be disjoint, or intersect only at
a single vertex, or along an entire single edge.

Theorem 2.50. Fvery compact Riemann surface can be triangulated.

The above theorem follows from the more general result that every com-

pact topological surface can be triangulated, which we will not prove here.
A proof of the more general result can be found in [T92], where the Jordan
Schonflies Theorem is being used.
We will deduce the specific case for Riemann surfaces in Chapter 3 as a corol-
lary from the Riemann existence theorem. We will study two properties about
triangulations next, which we will need for the proof of the Riemann-Hurwitz
formula in Chapter 3 and the above mentioned corollary.

Lemma 2.51. Let S be a compact topological surface and P C S be a finite
set of points. There exists a triangulation on S such that every point p € P is
a vertex.

Proof. By Theorem 2.50 there exists a triangulation of S. A point p € P
can either be a vertex, lie on an edge, or in the interior of a triangle in the
triangulation of .S. In the first case where p is already a vertex, there is nothing
to do.

In the second case, p lies on an edge e of the triangle T" C S. Denote the
triangle in the plane R? homeomorphic to T by 77, and the edge and point
in 7" corresponding to e and p by ¢ and p’. Adding an edge d’ connecting p’
with the vertex opposite to the edge €’ divides T into two new triangles such
that p’ is a vertex. See also Figure 1 for clarification. If we add the image of
the new edge d’ under the homeomorphism between the triangles 7" and 7" to
the triangulation, the point p becomes a vertex.

The last case is when p lies in the interior of a triangle 7" C S homeomorphic
to a triangle 7" C R? with the point p’ corresponding to p. We can add three
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new edges connecting p’ to each of the vertices of T”. This divides T” into three
new triangles such that p’ is a vertex. Again, by using the homeomorphism
between T' and 7", we add these three new edges to the triangulation on S to
achieve that p is a vertex. O

Figure 1: Illustration of the two non-trivial cases of the proof for Lemma 2.51;
the red edges are the new ones we add to the existing triangulation

2.52. As a next property, we will see how a non-constant holomorphic map
f : M — N between compact Riemann surfaces induces a triangulation on
M if we are given a triangulation on N. First, note that since the Riemann
surfaces are compact, the set of branch points B C N is finite as we can
see from Paragraph 2.29. Thus with the above Lemma 2.51, we can ensure
that every branch point is a vertex of the triangulation. The idea is that the
preimage of the triangulation on N under the map f defines a triangulation
on M. To motivate that this indeed defines a triangulation, we first recall
again that the restriction f : M\ f~1(B) — N\ B is a covering map of degree
n = deg(f). Hence away from branch points, each triangle in N lifts to n
homeomorphic triangles in M. We also need to verify that at branch points
the preimage is again a triangulation. Doing this only requires local knowledge
about f, so we can use the Proposition 2.24 to reduce to the case where the
map f is given by z — 2", which we can better understand. In this case the
only branch point is 0 and the ramification point is 0. In the Figure 2 below,
one can see schematically what happens in the case for r = 2. In particular,
we see that the preimage of the triangulation gives a triangulation again.

2.4 Cohomology and genus

In this section we will briefly discuss cohomology and homology of a Riemann
surface in order to define its genus. In particular, we will discuss simplicial,
singular, and de Rham cohomology. Since we are interested in Riemann sur-
faces, we will only introduce the homology and cohomology for surfaces and
not in more generality. We use the word surface to denote a real manifold
of dimension 2. We will also not provide proofs of the results we use, some
references to fill in the missing details and proofs are [HO1, Chapters 2-3] for
simplicial and singular homology and cohomology, for de Rham cohomology
we refer to [BT82, Chapter 1] and [L13, Chapters 17-18] . At the end of this
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(a) preimage (b) triangulation on N

Figure 2: Schematic picture of the preimage of a triangulation under a holo-
morphic map f, where xq is a ramification point of f with ramification index

r(xg) =2

section, we also introduce the Euler characteristic of a surface and relate it to
the genus.

2.53. To introduce simplicial and singuar homology, we first need to define
n-simplices. An n-simplex is an n-dimensional analog of the triangle for every
n € Zx>op, although we will only be concerned with 0-, 1-, and 2-simplices here.
The standard n-simplex is defined as

A" ={(tg, ..., tn) € R”+1|Zti =landV0<i<n:t >0}
i=0

Note that the vertices of the standard simplex are the standard unit vectors
in R see also Figure 3.

A general n-simplex is defined by points vy, ..., v, in a Euclidean space R™
for some m > n such that the differences v; — vy, ..., v, — vy are linearly
independent. We denote the n-simplex defined by these points with [vg, ..., v,]
and it is defined as the convex hull of vy, ..., v,, that is, the smallest convex
set in R™ that contains vy, ..., v,. Note that vy, ..., v, are the vertices of this
n-simplex.

For any n-simplex [vy, ..., v, there is a homeomorphism

A" — [’Uo, ...,Un], (to, ,tn> — Ztﬂ)l
1=0

that preserves the ordering of the vertices, so we will identify the standard
n-simplex with [vg, ..., v,] using this homeomorphism.
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Figure 3: Illustration of the 0-, 1-, and 2-dimensional standard simplices

2.54. We first look at simplicial homology, which is defined for triangulated
topological surfaces. Such a surface X comes with maps o, : A2 — X with
image 0,(A?) = T, for every triangle T, in X, where « is in some finite index
set I. Analogous collections of maps obtained from restricting every o, are
{o : A = X}ger, and {0, : A” = X}, for the edges and vertices of X.
Define the free abelian group A, (X) for n = 0, 1,2 as the free abelian group
generated by the open n-simplices o, (Int(A™)). An element of A, (X) is called
n-chain and is a finite formal sum that can be represented as ) . 1, 2a0a;
where the coefficient z, are integers.

The maps

82 : AQ(X) — Al(X), 82([1}0,1)1,1}2]) = [Ul,vg] — [U[),’UQ] —+ [Uo,vl]

and
81 : Al(X> — Ao(X), 31([1)0,1}1]) = U1 —

are called differentials or boundary operators. A calculation shows that 0y o
0, = 0, thus we have a chain complex

02 Ap(X) 2 AL(X) 2 A(X) 20 (2)

of free abelian groups, where 03 = 0 and 0, = 0. The homology of this chain
complex, which is defined to be the abelian group
HA(X) = ker(9,) /im(9s1)

for n = 0,1,2, is called the nth simplicial homology group of X. We set
H2(X) =0 for every n # 0, 1,2.

2.55. As a next homology theory we want to give the example of singular
homology. Singular homology generalizes simplicial homology and is defined
for any topological space X. Since the space X does not come with maps from
the standard simplex to X, we take all the continuous maps o : A — X for
any n € Zxo into consideration. Such a map o is called a singular n-simplex
and the free abelian group generated by all n-simplices is denoted by S, (X).
The elements of S,,(X) are called (singular) n-chains, one can define n-chains
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for any n € Zs, but for our purpose the space X is a topological surface and
thus it will be enough to consider 0-,1-, and 2-chains and set all the other
Sn(X) to 0.

The idea is again to build a chain complex of free abelian groups with the
groups S, (X), so we need to define the boundary operators. Similarly to the
boundary of the simplicial chain complex (2), we set

82 : 52(X) — SI(X)7 o Ha?(o-) = U|[61762] - U|[60,€2] + 0-|[607e1}
81 : Sl(X) — So(X), « '—)81(06) = @(1) — 05(0)

With these boundary operators, where again 0, = 0 for every n # 1,2, one
can check that ) ) ) 5
0 = So(X) = S1(X) = Sp(X) =0 (3)

defines a chain complex of free abelian groups and thus we can take the ho-

mology groups
H,(X) = ker(0,)/im(0p+1)

for any n € N which we will call singular homology of X.

Note that for a triangulated surface X, the groups S,,(X) are much larger than
the groups A, (X), and thus it is not immediately clear that the quotients
H,(X) will be for example finitely generated. But there are things easier to
see using singular homology instead of simplicial homology, such as singular
homology being isomorphic for homeomorphic spaces.

Both simplicial and singular homology are defined on triangulated topological
surfaces and one can show that they are in fact isomorphic to each other. A
proof of this can be found in [HO1, Theorem 2.27.]. The canonical isomorphism
H2(X) — H,(X) for any triangulated topological surface X and for any n € Z
is induced by the inclusion A, (X) — S,(X).

2.56. In this paragraph, we will define singular and simplicial cohomology,
to do that we fix an abelian group G. Singular cohomology H™(X;G) with
coefficient group G is defined by taking the cohomology of the dual chain
complex of (3). To be more explicit, the dual chain complex of (3) is

0 <& hom(S5(X), @) <& hom(S1(X), Q) <& hom(Sp(X), G) < 0.

The differentials 9, are the dual maps of 9, so any f € hom(S,—1(X), Q) is
mapped to 0% (f) = f o d,,. This gives a chain complex of free abelian groups
and its cohomology groups will be defined as

H"(X;G) = ker(0,,,)/im(0;).

In an analogous way one defines simplicial cohomology H} (X, G) by using the
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dual of the chain complex (2). The isomorphism between the singular and
simplicial homology for any triangulated topological surface X also induces
isomorphisms HR(X;G) = H"(X;G) between singular and simplicial coho-
mology for any n € Z and any abelian group G.

For a space where the homology groups are finitely generated, the homology
groups determine the cohomology groups and vice versa. They are related via
the universal coefficients theorem and in the case where the coefficients group
G = R, the relation

H"(X;R) = homg(H,(X),R)
holds. In particular, it follows that H™(X;R) is also a real vector space.

2.57. The last cohomology theory we want to introduce is the de Rham co-
homology. We will first show how the de Rham cohomology is defined on R?.
Denote the coordinates of R? by x and y. We introduce the formal symbols
dx and dy that satisfy the relations

(da)? = (dy)* = 0

_ (4)
dx dy = —dy dx

and define 2* to be the algebra over R generated by dx and dy. With the set
C>(R?) of smooth functions on R?, define the algebra

Q*(R2) _ COO(RQ) ®]R Q*
which consists of the so called C* differential forms on R?. The algebra

2

0(R?) = @ 2(R?)

q=0

is naturally graded and we call the elements of Q29(R?) the C* g-forms (or just
g-forms for short) on R?, which we will now describe further.

The 0-forms on R? are precisely the smooth functions on R2. A 1-form is a
formal sum fdx + gdy where f and g are smooth functions on R?, and the
expression f dv dy is a 2-form for every smooth function f on R2.

The set of the ¢g-forms are vector spaces over R and they will form a chain
complex of vector spaces. The corresponding differential operator

d: QYR?) — QI (R?)
is defined for any f € Q°(R?) as

of
df = Gydv+ 5 dy
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and for any w = fdr + gdy € Q'(R?) we define

dg Of

dw = df dx + dg dy = (ﬁ_y_%) dx dy.

Note that the second equality comes from the definition of df and dg and using
the relations between dz and dy stated in (4).

The composition d? of the differential with itself is 0, by Schwarz’s Theorem on
the symmetry of the second partial derivatives. Thus we get a chain complex
of vector spaces

0 — Q(R?) & OY(R?) & Q*(R?) — 0

called the de Rham complex on R?. The cohomology H} (R?) of this complex
is called de Rham cohomology of R?, it is a vector space over R. By taking
O functions on an open set U € R2, one can analogously define the de Rham
cohomology H}, (U) of U.

Since we are interested in surfaces, we will briefly explain the idea of how the
definition of de Rham cohomology can be extended to surfaces. On a surface
S with atlas {(Uy, 2a) }acr, a function f on U, is smooth if the composition
foz;'is smooth. This allows us to define a differential ¢g-form on any U,
in the same way as before. A collection {w,}aer Where each w, is a g-form
on U, defines a ¢-form on the whole surface S if it satisfies some additional
compatibility conditions on the intersections U, U Uz. We will not use these
compatibility conditions explicitly, they can be found in [BT82, Chapter 1.2].

2.58. An additional structure on Q*(R?) is the wedge product
A QP(R?) x Q1(R?) — QPFT(R?).

We will only need the wedge product of two 1-forms w = fdz + gdy and
T =udr +vdy. It is defined as

WwAT= fvdrdy+ gudydr = (fv — gu)dz dy.
Note that the wedge product is graded commutative, that is, w A7 = —T Aw.

2.59. De Rham cohomology and singular cohomology are both defined on sur-
faces. The de Rham theorem states that in this case the de Rham cohomology
is isomorphic to the singular cohomology with real coefficients. One can find a
proof of this theorem for example in Chapter 18 of [L13], we will only describe
the isomorphism between the two cohomology theories here.

The idea is to integrate a differential g-form w on a surface S over a g-simplex
of S. To ensure that everything is well defined, one has to take a smooth
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g-simplex which is a map o : A? — S that has a smooth extension to a neigh-
borhood of every point p € A%. This allows us to pull-back the ¢-form w by o
to get a g-form o*(w) = w o o on A? which we can integrate, so

foef 7

For any homology class a € H,(S), one can find a smooth g-cycle & that
represents a. Thus we can define the map

U HLR(S) — HI(S;R) = hom(H,(S); R)

by assigning to any de Rham cohomology class a € Hf,,(.S) represented by the
¢-form w the homomorphism that sends a singular homology class a € H,(M)
represented by the smooth singular chain ¢ to

Stokes’ theorem ensures that V¥ is well defined and one can show that ¥ is an
isomorphism of real vector spaces.

With the concept of cohomology, we define the genus of a Riemann surface.
Definition 2.60. The genus of a compact Riemann surface M is the number

Remark 2.61. We have seen above in 2.56 and 2.59 that the de Rham, sin-
gular, and simplicial cohomology with real coefficients are isomorphic. Thus,
in particular, they all have the same dimension and one can use any of these
cohomology theories to define the genus.

2.62. To see that the genus is a non-negative integer, it is convenient to study
the dimension of the first de Rham cohomology H},(M) of a compact Rie-
mann surface M. With the wedge product from 2.58 we define the map

©: Hpy (M) x Hpp(M)

— R
(w,7)|—>/ wAT.
M

One can show that this is a non-degenerate, antisymmetric bilinear form on
H},n(M) and thus the dimension of H}, (M) must be even. A proof can be
found in [D11, Chapter 5.2].
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One can think about the genus in a less formal way as the number of “holes”
of a Riemann surface. The classification of topological surfaces states that any
compact oriented topological surface is homeomorphic to a connected sum of
n > 1 tori and thus it has n holes, or it is homeomorphic to the sphere which
has zero holes. One can compute the cohomology of the sum of n connected
tori to see that the dimension of the first cohomology group will be 2n, and
the first cohomology group of the sphere is 0, so this interpretation agrees with
our Definition 2.60 of the genus.

Definition 2.63. The Euler characteristic x(X) of a compact Riemann sur-

face M is the sum ,

X(M) = "(=1) rank(H;(X)).
i=0
2.64. By calculating the homology of a compact Riemann surface M, one finds

the relation )

g(M) = (2= x(M)) (5)

between the genus and the Euler characteristic of M.

The Riemann surface M is in particular a manifold with real dimension 2, so
for i # 0,1,2 the homology groups H;(M) are zero and the only thing left is
to calculate the ranks of Hyo(M), Hi(M), and Ho(M).

A Riemann surface is connected by definition, hence the homology group in
degree 0 is Ho(M) = Z and so rank Hy(M) = 1. For every orientable com-
pact surface, the second homology group is Ho(M) = Z. The first homol-
ogy group can be expressed in terms of the genus, since the isomorphism
HY(M;R) = hom(H,(M),R) given by the universal coefficients theorem im-
plies that rank(H;(M)) = dim(H*(M;R)) = 2g(M), where we use the defini-
tion of the genus.

Thus the Euler characteristic is x(M) = 1 —2¢g(M) + 1 and by rearranging
the equation we get the relation (5).

2.65. In this paragraph, we will see how to calculate the Euler characteristic of
a compact topological surface S using a triangulation. By Theorem 2.50, there
exists a triangulation of S, denote by f,e,v the number of faces, edges, and
vertices respectively. Since we have seen that singular homology is isomorphic
to simplicial homology, we can use the rank of the simplicial homology groups
to calculate the Euler characteristic. We claim that

2

X(8) = (=1) rank(H (X)) = v — e+ f. (6)

i=0
This claim is a result about chain complexes of finitely generated abelian
groups applied to the simplicial chain complex

02 Ap(X) L AL(X) 5 Ag(X) 2 0.
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We follow the proof given in [HO1, Theorem 2.44.]. The definitions of a chain
complex and its homology group ensure that the sequences

0 — ker(0,) = Ap(X) = im(0,) — 0
0 — im(0py1) — ker(d,) — H(X) — 0

are exact for n = 0,1,2. These short exact sequences of finitely generated
abelian groups imply the following relations between the ranks of the groups

rank(ker(0,)) + rank(im(9,)) = rank(A, (X))
rank(im(0,41)) + rank(HS (X)) = rank(ker(9,)).

Substituting the expression of rank(ker(d,)) into the first equation and rear-
ranging the terms we get

rank(H2) = rank(A,, (X)) — rank(im(9,)) — rank(im(9,41)). (7)

Note that
v, forn=0
rank(A, (X)) =1e, forn=1 (8)
f, formn=2

since A, (X) is the free abelian group generated by the vertices, edges, or faces
depending on n. Using the expressions from (7) and (8) to calculate the Euler
characteristic yields

X(X)=v—e+ f.

Example 2.66. With the relations (5) and (6) we can compute the genera
of simple topological surfaces for which we can find a triangulation. The
Riemann sphere is homeomorphic to the tetrahedron, this homeomorphism
defines a triangulation of the sphere with 4 vertices, 6 edges, and 4 faces.
Hence the Euler characteristic of the sphere is x(P'C) =4 —6+4 = 2 and the
genus is g(P'C) = (2 — 2) = 0.

A triangulation of the 2-dimensional torus T as indicated in Figure 4 gives
X(T) =4 —12+ 8 = 0 and thus the genus ¢(T) = (2 — 0) = 1. Note that
we used the usual way to construct the 2-dimensional torus by identifying
opposite edges of the unit square as indicated in the figure.

3 Fundamental theorems about Riemann sur-
faces

In this chapter, we will see some fundamental results about Riemann surfaces.
We state the Riemann-Roch theorem, the uniformization theorem and the
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A\
77

Figure 4: Triangulation of the torus used in Example 2.66 to compute the
genus of the torus

Riemann existence theorem, but we will not prove them here as it is not in
the scope of this thesis. The last theorem of this section is the Riemann-
Hurwitz formula, for which we will give a proof and some concrete examples
to demonstrate how to work with the formula.

3.1 The Riemann-Roch theorem

The Riemann-Roch theorem describes the dimension of the vector space of
meromorphic functions satisfying some additional conditions on a compact
Riemann surface. The proof of the theorem and further details we could not
cover here can be found for example in [J97, Chapter 5.4] and [S14, Chapter 7).
To state the Riemann-Roch theorem we need to introduce some new definitions
and notation. Throughout this whole section, let M be a compact Riemann
surface.

Definition 3.1. A divisor on M is a finite formal sum

D= iSZPZ
=1

where P; € M are points and the coefficients s; € Z. Equivalently, a divisor is
an element of the free abelian group Div(M) generated by the points of M.

Definition 3.2. A divisor D = Z?:l s;P; on M is effective if s; > 0 for all
1=1,...,n. If the difference D — D’ of two divisors on M is effective, we write
D>D.

For every meromorphic function f # 0 on M one can define a divisor (f)
associated to f in the following way. Define the order ordp(f) of a point
P € M to be equal to k if P € M is a zero of f of order k, and ordp(f) = —k
if P is a pole of f of order k. In every other case we set ordp(f) = 0. Define
the divisor (f) of the meromorphic function f by

()= > (ordp(f))P.

Pef=1{0,00}
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Since M is compact, there are only finitely many poles and zeros of f, so the
sum defining (f) is finite. Divisors of this form have a special name.

Definition 3.3. A divisor D is called principal divisor if there exists a mero-
morphic function g # 0 on M such that D = (g).

It is clear from the definitions that f is meromorphic if and only if (f) > 0,
as this is precisely the case where f does not have any poles.
Similarly to the C'*° differential forms we introduced in 2.57, one can define
meromorphic differentials. A meromorphic 1-form 7 is locally given by n =
f dz where (U, z) is a local coordinate of M and f is a meromorphic function
on U. Thus we can define ordp(n) = ordp(f) for points P € U, this definition
is independent of the chosen local chart around P. Analogously as for divisors
of meromorphic functions, we define the divisor

() =Y _ (ordp(n))P (9)

of a 1-form n # 0. Again, only finitely many summands in (9) are non-zero
because of the compactness of M, and we also give this form of divisor a name.

Definition 3.4. A canonical divisor K is the divisor (1) of a meromorphic
1-form n # 0 on M.

Definition 3.5. The divisors D; and Dy on M are linearly equivalent if their
difference is a principal divisor.

Two canonical divisors K = (1) and K’ = (1) are linearly equivalent, since
n/n = f is a meromorphic function and thus K — K" = (f).

3.6. We define the complex vector space
L(D)={ge M(M)|g=0or D+ (g9) >0}

and denote its dimension dime £(D) by h°(D).

If the divisors D and D’ are linearly equivalent, the vector spaces £(D) and
L(D') are isomorphic. Indeed, there exists a non-zero meromorphic function
g on M such that D — D" = (g). The homomorphism

L(D) — L(D")
frgf
is an isomorphism of vector spaces, hence in particular h°(D) = h°(D’).

Definition 3.7. The degree deg(D) of a divisor D = )" | s;P, on M is the
integer

deg(D) = i Si.
i=1
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Note that the degree defines a map deg : Div(M) — Z, which is a homo-
morphism of groups.
For a meromorphic function f on M, we have seen in 2.31 that the number of
poles of f counted with multiplicities equals the number of zeros of f counted
with multiplicities, so the principal divisor D = (f) has degree deg(D) = 0.
This further implies that linearly equivalent divisors have the same degree.
With these notions we can state the Riemann-Roch theorem.

Theorem 3.8 (Riemann-Roch). Let D be a divisor of a compact Riemann
surface M with genus g(M). For any canonical divisor K, it holds

h(D) =1 — g(M) + deg(D) + h°(K — D).

Remark 3.9. Since any two canonical divisors are linearly equivalent, by
Paragraph 3.6 the dimension h°(K — D) is independent of the choice of the
canonical divisor K in the theorem.

The Riemann-Roch theorem gives the dimension of the space £(D) for a
divisor D = > | s;P;. One can describe the vector space £(D) as the space
of all meromorphic functions on M such that their poles are points P, € M
where s; > 0 and the order of the pole is at most s;. Furthermore, they have
zeros at all points P; where s; < 0 and the order of the zero is greater than or
equal than —s;.

3.2 The uniformization theorem

The uniformization theorem classifies the simply connected Riemann surfaces.
It is easy to state, so we do not need to introduce new concepts. A proof of
the theorem as well as more details and historic background can be found in
the book [SG16], a briefer resource is [WMLI92, Chapters 2, 7].

Theorem 3.10 (Uniformization). Fvery simply connected Riemann surface
1s holomorphically isomorphic to the complex plane, the Riemann sphere, or
the open unit disc in C which is isomorphic to the upper half plane h = {z €
C | Im(z) > 0}.

The uniformization theorem can also be stated in terms of universal cover-
ings of Riemann surfaces. The universal cover is simply connected by defini-
tion and every Riemann surface has a universal cover, because as a connected
manifold it is path-connected, locally path-connected, and semi-locally sim-
ply connected. Thus the uniformization theorem can be reformulated to state
that every Riemann surface has a universal cover that is holomorphically iso-
morphic to the Riemann sphere, the complex plane, or the open unit disc in
C. This allows us to classify Riemann surfaces according to their universal
coverings.
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Definition 3.11. We say that a Riemann surface is

e clliptic if and only if its universal cover is isomorphic to the Riemann
sphere P'C;

e parabolic if and only if its universal cover is isomorphic to the complex
plane C;

e hyperbolic if and only if its universal cover is isomorphic to the open unit
disc in C.

The Riemann sphere is the only elliptic Riemann surface up to holomorphic
isomorphism.
We have seen elliptic curves in Example 2.16 as a quotient of the complex
plane, thus elliptic curves are parabolic Riemann surfaces. The only other
elliptic Riemann surfaces are holomorphically isomorphic either to C or the
punctured plane C*.
Hyperbolic Riemann surfaces can be expressed as a quotient h/I" for some
subgroup I' < PSL(2,R) satisfying certain additional conditions.
If we consider only compact Riemann surfaces, we can relate the classification
in Definition 3.11 to the genus of the Riemann surface. A compact Riemann
surface of genus 0 is elliptic, a compact Riemann surface of genus 1 is parabolic,
and if the genus of a compact Riemann surface is > 2, then the Riemann
surface is hyperbolic.

3.3 The Riemann existence theorem

In this rather short section we state two equivalent versions of the Riemann
existence theorem. Afterwards, we show how to deduce the existence of a
triangulation on a compact Riemann surface from this result.

Theorem 3.12 (Riemann existence). There exists a non-constant meromor-
phic function on every compact Riemann surface.

Theorem 3.13 (Riemann existence). For any distinct points po, ...,pn of a
compact Riemann surface M and complex numbers cq,...,c, € C there exists
a meromorphic function f on M with f(p;) = ¢; for every i =1,...,n.

One can use the classification of Riemann surfaces into hyperbolic, elliptic,
and parabolic, which we saw in the preceding section to prove the Riemann
existence theorem. Such a proof can be found in [FK92, Chapter IV.3]. For
an alternative approach using the theory of Hilbert spaces and cohomology we
refer to the proof in [V96, Chapter 6].

To conclude this section, we prove Theorem 2.50 about the existence of a
triangulation as a corollary of the Riemann existence theorem.
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Proof of Theorem 2.50. For the Riemann sphere, the existence of a triangula-
tion follows from the homeomorphism between the tetrahedron and the sphere.
For the general case, let M be a compact Riemann surface. By the Rie-
mann existence theorem, there exists a non-constant meromorphic function
on M. We have seen that this corresponds to a non-constant holomorphic
map f : M — P!C. As in the proof of Lemma 2.51, we can refine the triangu-
lation of the Riemann sphere such that each branch point of f is a vertex. Note
again that because of compactness there are only finitely many branch points.
The inverse image of this refined triangulation on the sphere P*C under the
map f gives a triangulation on M as we have explained in 2.52. [

3.4 The Riemann-Hurwitz formula

After we have introduced all the needed concepts, we state and prove the
Riemann-Hurwitz formula in this section. The formula links the degree and
total branching number of a holomorphic map between compact Riemann
surfaces with the genera of the Riemann surfaces. At the end we will show
two examples on how to calculate with the Riemann-Hurwitz formula.

Theorem 3.14 (Riemann-Hurwitz formula). Let f : M — N be a non-
constant holomorphic map between compact Riemann surfaces. The genera
g(N) and g(M) of the Riemann surfaces N and M respectively, the total
branching number by of f and the degree d = deg(f) are related by
by

g(M) ~ 1= d-(g(N) = 1) + L.
Proof. We will follow the proof of the Riemann-Hurwitz formula given in [M95,
Chapter 11.4]. By the results of Section 2.3 about triangulations, there exists
a triangulation 7" on the Riemann surface N such that every branch point of
f is a vertex of T. Denote the number of vertices, edges, and triangles of T
by v, e, and t respectively. Furthermore, the preimage of this triangulation
defines a triangulation 77 on the Riemann surface M, say with v’ vertices, €’
edges and ¢’ triangles. Because the edges and triangles of the triangulation on
N consist only of unbranched points of the map f, they each have d distinct
preimages under f, that is,

e€=d-e t=d-t.

Let ¢ € N be an arbitrary vertex of the triangulation 7". Since ¢ might be a
branch point of f, it will not have d preimages in general. We can express the
number of preimages of ¢ using the definition of the degree d of f by

)l =d= Y r)+If N @l=d= Y (rslp) - 1).

pef~1(q) pef~1(q)
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Using this result, the number v’ of vertices of the triangulation on M can be

computed as
V=Y (o)

vertex g of T’

= > |d= > (-1

vertex q of T' pef~1(q)

=d-v— Z Z (rs(p) — 1)
vertex g of T \ pcf=1(q)

=d-v— Y (ry(p)—1)

vertex p of T'

=d-v =3 (rsp) - 1),

peM

The last equation holds because all ramification points of f are vertices of the
triangulation 77 on M. Hence every point p € M that is not a vertex has
ramification index 7¢(p) = 1, and thus the additional summands in the last
step are all equal to 0. Note also that the sum in the last equation is precisely
the total branching number by =3,/ (r,(p) — 1).

With the expressions for v/, ¢/, and f’ we have derived above, we calculate the
Euler characteristic of M as in Paragraph 2.65

X(M)=v" —¢e ++¢
— dv— by —de+di
=dv—e+t)—bs
= dx(N) — by.

To conclude, we use the relation between the Euler characteristic and the genus
of a surface derived in 2.64, the Riemann-Hurwitz formula
b

g(M) —1=d- (g(N) = 1) + =

follows. O

An immediate conclusion from the Riemann-Hurwitz formula is that the

total branching number is always even, as the degree of a holomorphic map
and the genus of a Riemann surface are integers.
Since the total branching number is greater than or equal to 0, one can deduce
that if there exists a non-constant holomorphic map between compact Riemann
surfaces M and N, then the genera satisfy g(M) > g(N). In particular g(M) =
0 implies g(IV) = 0.

37



Example 3.15. To see how concrete calculations with the Riemann-Hurwitz
formula work, we will verify the Riemann-Hurwitz formula for a non-constant
holomorphic map between the Riemann sphere and itself. As we have already
seen, these are the rational maps. We will study the map f : P!C — P!C
corresponding to the meromorphic function on P!C that maps

423(2 — 1)
s —1)e

for any z € P'C.

From 2.36 we know the degree of f is deg(f) = 4 and the genus of the Riemann
sphere is 0, as we have seen in Example 2.66. To find all ramification points and
their ramification indices, we use the approach from 2.26. In that paragraph
we used the local representation of f, which is the composition

p=wofoz l:2UNf V) = w(V) (10)

for charts (U, z), (V,w) of P!C to calculate the ramification points and their
ramification indices. If we take the chart (C,id) for both charts in (10), the
composition is just f restricted to C\ {1/2}. The derivative of f can be
calculated as

o AZP(A22 =62+ 3)  22(—diz 4+ V3 + 3i)(4iz + V3 — 30)
& =—g =~ (22 — 1)

for any z € C\ {1/2}. We saw that the zeros of f’ correspond to the ramifica-
tion points of f, and the order of the zero of f’ is one less than the ramification
index at that point. Because we use the identity function as a chart here, the
zeros of [’ equal the ramification points. Hence we get the following ramifica-
tion points and indices:

o 2o =0 with r(z) = 3,
(3 — V/3i) with 74(z) = 2,

o 2 = 1(3+V/3i) with ry(22) = 2.

=

.ZIZ

By using the charts (C,id), we only find ramifications points in C C P'C with
their image also in C C P!C.

Thus it is only left to check whether oo is a branch point, and if so which are
the corresponding ramification points and indices. The preimage of oo is

F7(00) = {00, 5}
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To find the ramification index of 1, we take the charts (U,z) = (C,id) and
(V,w) = (P'C\ {0}, z — 1/z). The derivative of the composition in (10) is

by (22— 1)(42% — 62 + 3)
#lz) == 424(2 — 1)? ’

From this derivative we see that the point z, = % is a ramification point
with 77(z4) = 2. It follows that z; = oo is also a ramification point with
ramification index rf(z5) = 2, because the degree of f is 4 and thus the
relation 7¢(z4) + 7¢(25) = 4 must hold.
Finally, we can calculate the total branching number by = 24+1+1+1+1 = 6.
Plugging everything into the Riemann-Hurwitz formula gives
6

0—1:4(0—1)+§,

which evaluates to —1 on both sides.

Example 3.16. In the next example we use the Riemann-Hurwitz formula to
calculate the genus of a Riemann surface that we do not know already. The
Riemann surface we study is given by
3
M ={[z,y,2] € PC*|y*z = H(x —ap2)}
k=1

for some mutually distinct points a1, as,a3 € C. Since M is a closed subset
of the compact space PC2, it is compact itself. We need to check that M is
indeed a Riemann surface. To do this, note that M is the union of the two
subsets My, My C M where

My = {[z,y, 2] € My # 0}
My = {[z,y,z] € M|z # 0}.

Since the point [1,0,0] ¢ M, it follows that M; and M, do indeed cover M. If
we can show that both M; and M, have no singularities, that is, the Jacobians
of the functions defining M; and M, have full rank at every point, then we
can conclude that M is a Riemann surface by the implicit function theorem.

The set M; consists of points where y # 0, and since we are in the projective
space we can assume without loss of generality that y = 1, and can write M,

as the set ;

{M; = (z,2) € C*| 2 = [ [(z — ax2) = 0}.

k=1
The Jacobian of the function F : C? — C, (z,2) = z — [[,_ (¢ — ax2) at a
point p = (z, z) € M; is

D,F = (— ZH(m —aiz), 1+ Zai H(x — agz)).

i=1 ki i=1 ki

39



Notice that z = 0 implies x = 0 for a point (z,z) € M;. In this case the
Jacobian is D,F' = (0, 1), so it has full rank. If z # 0, we can go over to study
M,. Analogously as for M, we have

2g+1

My = {(z,y) € C’|y* = [] (= — ax) = 0}.

k=1

The function G : C* — C,(z,y) — > — [[;2,'(z — ax) has at any point

p = (x,y) € My the Jacobian

D,G = (— ZH(I’ —ag),2y).

i=1 ki

If y # 0, then D,F' certainly has rank 1. If y = 0, we need to check that
-3 [1}.i(x — ax) # 0. For points (z,y) € M where y = 0, it follows

H(:L’—ak) =0

and thus x = a for some &' = 1,2, 3. All zeros a;, of Hizl(l’ — ay,) are simple,
thus in particular the derivative at aj is not zero. More concretely,

> 1w —a) = T (aw —ay) #0

i=1 ki kK

since the ap are mutually distinct, and we conclude that M is a Riemann
surface.

This example can be found in more generality in [GG12, Chapter 1] where the
reader can also find an atlas of M and thus a reasoning that the map

o f 0
f:M—=PWC, [z,y,2] =< or 2 #
oo, forz=0

is holomorphic. To find the degree of f, note that every point on the sphere
except aj,as,az,00 has two preimages, so the degree of f is deg(f) = 2.
The ramification points are thus ai, as, a3, 00 and each of their ramification
indices must be 1, which is the only possibility, since a ramification point has
ramification index less than the degree of the map and greater to or equal
than 1. We know the genus of the Riemann sphere is 0, so we have calculated
everything in the Riemann-Hurwitz formula except g(M), which we can thus
compute as

g(M)zl—I—?-(O—l)—f—%:l.
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4 Davenport-Zannier polynomials and dessins
d’enfants

We are now able to study the polynomial Catalan conjecture in this last sec-
tion, for which we mostly follow Chapters 1 — 2 from the book [APZ20]. Re-
call that the polynomial Catalan conjecture concerns coprime polynomials
A, B € C[X] with degrees deg(A) = 2k, deg(B) = 3k for k£ > 0. The goal is
to find the minimal degree of the difference A3 — B2?. The reason we included
this problem here is because there is a link to meromorphic functions on the
Riemann sphere, and the Riemann-Hurwitz formula will be an important tool
to solve the problem.

We will introduce a generalized version of the above problem and show results
towards proving the polynomial Catalan conjecture, which we will do at the
end of the chapter.

Definition 4.1. A tuple a = (ay, .., ;) where o; € Zx for every i = 1,...,p
is a partition of the number n € Zs if > 7 | a; = n, we write a F n.

4.2. One way to generalize the motivating problem is to fix partitions a =
(a1, ...,ap) F noand f = (B4, ..., 5;) F n for some n € Z-o and consider two
coprime polynomials P, @ € C[X] with common degree deg(P) = deg(Q) = n
such that the multiplicities of the roots of P and () are determined by the
partitions a and [ respectively. To be more explicit, we consider polynomials
P, @ € C[X] that can be factorized as

q

P = H(X —a)", Q= H(X - bi)ﬁia

=1 i=1

and where ay, ..., ap, by, ..., b, are the mutually distinct roots of the polynomials
P and @). Again, the problem here is to find the minimum possible degree of
the difference R = P — (). We will use the setting and notation we have just
introduced throughout this whole chapter unless otherwise stated.

4.1 Davenport-Zannier polynomials

In this section we will use the Riemann-Hurwitz formula to prove a lower
bound for deg(R) and study conditions to ensure that this bound is actually
attained, which will lead to the definition of Davenport-Zannier polynomials.

Proposition 4.3. The degree of the difference R = P — () satisfies

deg(R) > (n+1)—(p+q). (11)
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Proof. Let
R=P-Q=]](X—c)
k=1

be the factorization of R, where ¢y, ...,¢; € C are its distinct roots with mul-
tiplicities v1,...,7x > 1. The degree of R clearly satisfies

deg(R) = Z”yk > 7.
k=1

The idea of the proof is to use the Riemann-Hurwitz formula for the rational
function f = P/R to derive the lower bound (11). By Example 2.22, we know
that f defines a holomorphic map

.l 1 P(x)

f:PC—-PC, z~ R
from the Riemann sphere to itself, which we also call f. We have already
seen that the degree of f is deg(f) = max{deg(P),deg(R)} = n and the
genus of the Riemann sphere is g(P!C) = 0. The only unknown left in the
Riemann-Hurwitz formula is the total branching number by, which can be fur-
ther expressed in terms of p, ¢, 7, and n. To do this, we identify possible branch
points of f.
The preimage of 0 € P!C is f~1(0) = P7'(0) = {ay,...,a,}. The respective
ramification indices are 7;(a;) = o; for i =1, ..., p, so 0 is a branch point if and
only if there exists an i = 1, ..., p such that «; > 1. To calculate the multiplic-
ities one can use the same approach as we did in Example 3.15. Analogously,
for 1 € PC using the definitions of f and R we get the equivalence

flx) =1 <= Q(x) =0,

which implies that the preimage f~1(1) = {b1, ..., b, } with ramification indices
rf(b;) = B; for every i =1, ..., q. Hence 1 is a branch point if and only if there
exists an ¢ = 1, ..., ¢ such that §; > 1.

Next, we look at the preimages of co € P!C. Since the leading coefficients
of P and @ are 1, it holds deg(R) < deg(P) and hence f(oo) = oo. The
only other preimages of co are the zeros ¢y, ..., ¢, of the polynomial R. Note
that for every i = 1,...,r we have P(c¢;) # 0, since if it were equal to 0, then
Q(¢;) = (P—R)(¢;) = 0, which contradicts our assumption that P and @ have
no common zeros. The multiplicities are r¢(¢;) = ; for i =1, ..., 7.

Denote the other branch points of f by 41, ..., y, € P'C, if there are any. In the
case that there are no other branch points, set m = 0. For every i = 1,...,m
we write the preimage f~'(y;) = {¥/,...,¥},,}, so in particular the point
has n; preimages under the function f. Since by assumption y; is a branch
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point, it holds that n; < n for every ¢t = 1, ...,m.

Recall the definition
by=>_ (ri(p)—1)

peP1C

of the total branching number. We can take the sum only over the preimages
of the possible branching points we identified above, as all the other points
have ramification index 1. Thus

bp= Y, () =D+ Y () =1+ Y () = 1)+
)

pef~1(0) pef~i(1 pef~1(c0)

> (elp) - 1)
i=1 pef~t(y:)

T

=D (o= 1)+ (8= 1)+ (3 = 1)+ (rp(o0) =

> (rply,) = 1)

i=1 j=1
m

:(n—P)+(n—Q)+(n—(7’+1))+Z(n—m)

:3n—(p+q+r+1)—|—2(n—ni).

=1

By substituting the above results in the Riemann-Hurwitz formula and rear-
ranging the terms we get

m

r:n+1—(p+q)+2(n—ni).

i=1
Since n; < n for every ¢ = 1, ..., m we conclude that

m

deg(R)Zr:(n+1)—(p+q)+2(n—m)Z(n+1)—(p+q).

]

Our goal is to find pairs of polynomials, such that their difference attains
the lower bound in (11), so we introduce the following definition.

Definition 4.4. If the difference R = P — () satisfies
deg(R) = (n+1) = (p+9),
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then the pair (P, Q) is called a Davenport-Zannier-pair or DZ-pair. The pair
of partitions («, 5) corresponding to the multiplicities of the polynomials P
and @ is called the passport of the DZ-pair (P, Q).

4.5. Looking again at the proof of Proposition 4.3, we can find the following
three conditions to ensure that the pair of polynomials (P, Q) is a DZ-pair.
First observe that if p +¢ > n + 1, then the left hand side of (11) is negative,
but deg(R) > 0. Hence the first condition for the attainability of the lower
bound is that p+¢ < n+ 1.

Secondly, we need to make sure that deg(R) = r. This happens if and only if
all the roots of R are simple, or equivalently if and only if the multiplicities
satisfy 71,...,7 = 1. This can also be expressed in terms of the poles of f,
which are {oco, ¢y, ...,c.} as seen in the proof. By denoting the ramification
index 77(c0) = 7, the tuple v = (70,71, ..,7) forms a partition of n. The
second condition for the attainability says that the partition v - n must be
of the form v = (n — r,1"), where the notation 1" in a tuple means that 1 is
repeated r times.

The last condition is that the number r of distinct roots of the polynomial R
equals the lower bound (n + 1) — (p+ ¢). This happens if and only if the sum
Y (n—mn;) = 0. That is, if there are no other branch points of f except for
maybe the points 0, 1, and oo.

4.2 Belyl functions and dessins d’enfants

The last two conditions we have seen in Paragraph 4.5 above are conditions
on the rational function f = P/R. In this section we will study functions
satisfying these conditions and introduce dessins d’enfants. Further references
for the study of dessins d’enfants are the books [JW16, Chapters 1-3], [GG12,
Chapter 4]. We use the definitions according to the book [APZ20], which are
less general than the ones from [GG12], and [JW16].

Definition 4.6. A meromorphic function on the Riemann sphere P!C (or
equivalently a rational map between the Riemann sphere and itself) that does
not have branch points outside the set {0, 1, 00} is called a Belyi function.

Definition 4.7. Let f be a Belyi function. The preimage D = f~1([0,1])
of the unit interval, where preimages of the point 0 are coloured black and
preimages of the point 1 are coloured white is called a dessin or dessin d’enfant.

4.8. A dessin is at first a graph drawn on the Riemann sphere. Since the open
interval (0,1) C P'C does not contain any branch points of f, it gets lifted to
deg(f) homeomorphic copies by f. These are the edges of the dessin. In par-
ticular, they do not intersect outside of the vertices, which are the preimages
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of 0 and 1. Hence the dessin corresponds to a plane graph via stereographic
projection, and we will usually view it as such. We use the terminology plane
graph to denote a graph drawn in the plane such that its edges only intersect at
the vertices, for an example see Figure 5. Since we will be dealing with graphs,
we want to recall some basic definitions. As an example of these definitions
on a concrete graph, see again Figure 5.

Definition 4.9. A plane graph is bicoloured if every vertex has been assigned
one out of two colours (we will use white and black) such that every edge
connects vertices of different colours.

The dessin of a Belyl function f is bicoloured because every edge is a
preimage of the unit interval and f is a covering map on the open unit interval.
Hence every edge connects a preimage of 0 to a preimage of 1.

Definition 4.10. The degree of a vertex of a plane graph is the number of
edges incident to that vertex.

Definition 4.11. The degree of a face of a bicoloured plane graph is one half
of the number of edges surrounding the face.

Note that the degree of a face is a natural number since in bicoloured plane
graphs the number of edges surrounding a face is even. We can also define
the degree of a face in analogy to the definition of degree of a vertex as the
number of edges incident to the face. For this, we need a suitable definition of
what it means for an edge to be incident to a face.

Definition 4.12. If we make a circuit around the boundary of a face of a
bicoloured plane graph in positive trigonometric (counter clockwise) direction,
then an edge is incident to that face if we first pass its black vertex and
afterwards the white vertex in our circuit. Note that for the outer face the
point of view will be “behind” the plane graph.

Figure 5: Example of a bicoloured plane graph, the numbers in the vertices
are the respective degrees, the faces with the green and blue dot are of degree
1, the face with the red dot is of degree 2, and the outer face is of degree 8
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With these definitions, one sees that the number of edges equals the sum
of the degrees of the vertices of each colour, and the sum of the face degrees.
This holds since each edge is incident to precisely one face, one white, and one
black vertex.

4.13. A dessin D of a Belyi function f has deg(f) = n edges as f is unramified
over the open interval (0,1).

The degree of a vertex v in D is exactly the ramification index of the cor-
responding point. This follows from the local representation of f we derived
in Proposition 2.24. If f is locally given by the map z + 2" around v, then
the open interval (0,1) lifts to r preimages around v. These are exactly the
number of edges incident to the vertex v. In particular, the degrees of the
black vertices are the ramification indices of the roots of f, and the degrees of
the white vertices are the ramification indices of the preimages of 1 under f.

We can also interpret the degrees of the faces in a similar way. Inside each
face lies one pole of f and the degree of the face equals the ramification index
of that pole. One way to see this is to first consider the preimage of the lines
that connect 0 with 1, 1 with oo, and 0 with co. One can then study, simi-
larly as we did for the preimage of a triangulation, how the preimage of this
triangle behaves using the fact that away from the points 0,1, 00 the map f
is a covering map of degree n. At the points 0, 1, and oo we understand the
map f because of the local representation from Proposition 2.24.

Definition 4.14. Let a = (ay,...,p), 8 = (b1, .., 8y), 7 = (71, ---,7) be the
respective degrees of the black vertices, white vertices, and faces of a dessin
corresponding to a Belyi function. The passport of the dessin is the triple

(v, B,7).

4.15. For any bicoloured plane graph G we define permutations x and y of
the symmetric group S(E) where E is the set of edges in G. The permutation
x maps an edge e € E to the edge ze that is the next edge in counterclockwise
direction around the black vertex incident to the edge e. Analogously, the
permutation y sends e to the next edge in counterclockwise direction around
the white vertex incident to e. For an illustration of the permutations see
Figure 6. From the definitions, one sees that the black vertices correspond
to the cycles of  and the white vertices to the cycles of y. If we first apply
the permutation x and then the permutation y, we get the permutation xy,
which can be described as sending an edge e to the next edge incident to the
same face as e in clockwise direction. Thus the cycles of xy correspond to the
faces of the graph. Note that the cycle length corresponds to the degree of the
respective vertex or face.

Definition 4.16. The monodromy group of the bicoloured plane graph G is
the subgroup (z,y) < S(E) generated by the permutations x and y.
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Figure 6: Images of the edge e under the permutations z, y, and xy as described
in 4.15

As the naming might suggest, the monodromy group of a dessin of a Bely1

function f is equal to the image of the monodromy representation of f accord-
ing to Definition 2.43. The permutations x and y correspond to the images of
the monodromy representation of the positively oriented loops around 0 and
1 respectively. Also note that if the graph G is connected, the monodromy
group acts transitively on the set of edges of G. We have seen before in 2.42
that the action given by the monodromy representation of f acts transitively
as well.
The monodromy group of a connected plane graph G defines G uniquely up
to isomorphism. To construct a connected plane graph corresponding to a
permutation group P = (z,y) acting transitively on a set E, one can proceed
in the following way: Define an edge for every element in E, for each cycle in
x and y define a black or white vertex respectively, and for each cycle of xy
define a face. Connect an edge to a vertex if the corresponding element in
is in the corresponding cycle of the vertex and analogously an edge is incident
to a face if the corresponding element in E is in the cycle corresponding to
the face. Since we are only working with plane graphs here, one has to ensure
that the permutation data x,y and the set E with n elements correspond to
a graph on the plane. The condition

#{cycles of x} + #{cycles of y} —n + #{cycles of xy} =2

ensures exactly this. The reason is that the left hand side is the Euler charac-
teristic of the surface in which the graph given by the data can be embedded
and so we need it to be equal to 2 = x(P!C) to give a graph in the sphere.
For further detail see [GG12, Proposition 4.10]. With this condition, we thus
have a correspondence between equivalent plane graphs and the permutation
data.

Through this discussion, linking bicoloured plane graphs with Belyi func-
tions via the monodromy, one might start to think about a correspondence.
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In particular, up to now we have started with a Belyi function and arrived at
an associated bicoloured plane graph via the dessin of the Belyl function. But
the following theorem states that is also possible to first consider a bicoloured
plane graph, and then associate a Belyi function to that graph.

Theorem 4.17. Let G be a bicoloured plane graph, we can view G as a graph
drawn on the Riemann sphere. There exists a Belyi map f such that its dessin
D = f7Y([0,1]) is isomorphic to G in the following way. There exists an orien-
tation preserving homeomorphism of the Riemann sphere that maps the graph
G into D such that the colours of the vertices are preserved. Furthermore, the
Belyi function f is unique up to a linear fractional transformation.

A proof of a generalized version of this theorem can be found in [GG12,
Chapter 4.2.2], and we will give the general idea of their proof here. One
starts by constructing a triangle decomposition associated to the graph on the
sphere. This is a decomposition of the sphere into triangles, such that the edges
and vertices of the graph belong to intersections of two triangles. As opposed
to a triangulation, in a triangle decomposition two triangles are allowed to
intersect at more than one edge. The triangles will be constructed such that
they belong to one of two types, and at each edge in the graph two triangles of
different types meet. Using this triangle decomposition, one can construct a
homeomorphism from each triangle to the upper, respective lower halfplane in
C according to the type of the triangle. These homeomorphisms should follow
certain restrictions to ensure that they can all be “glued” together to form a
continuous function f : P!C — P!C such that the restriction

f:P'C\ f1{0,1,00} = P'C\ {0,1, 00}

is holomorphic and a topological covering. This can again be extended to a
unique holomorphic map f : P*C — P'C up to linear fraction transformation.
The map f only has branch points in {0, 1, 00} and thus is a Belyi map and its
dessin f71([0,1]) = G equals the graph G we started with. Another approach
can be found in [JW16, Chapter 3.3].

If we have a DZ-pair (P, @), we know from Paragraph 4.5 that the function
f = P/R is in fact a Belyi function, hence we can consider the dessin of f.
With the correspondence between Belyi functions and bicoloured plane graphs
that follows from Theorem 4.17, we also know that given a bicoloured plane
graph, there exists a Belyl function associated to it. If the Belyi function
satisfies the conditions we have found in 4.5, we get a DZ-pair. In particular,
we can now rewrite the conditions on the Belyi function f in 4.5 to conditions
on a bicoloured plane graph and get the following proposition.
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Proposition 4.18. For p+ q < n+ 1 the lower bound deg(P — Q) > (n +
1) — (p + q) derived in Proposition 4.3 is attained if and only if there exists
a bicoloured plane graph with the passport (o, B,7), for the given partitions o
and B and where 7y is the partition v = (n —r,1"), herer = (n+ 1) — (p+ q).

Remark 4.19. The partition v = (n—r, 1") means geometrically for the plane
graph that all faces but the outer one must be of degree 1.

This proposition says that it is enough to show the existence of plane graphs
for given partitions to conclude the existence of DZ-pairs. One can show that
under a condition on p and ¢, a plane graph as described in Proposition 4.18
exists. If the conditions do not hold, one can show a weaker lower bound. We
arrive at the theorem below, which we will not prove here. For a complete
proof we refer again to [APZ20]. After stating the general Theorem 4.20, we
will prove the solution to our motivating problem, the polynomial Catalan
conjecture, in Theorem 4.21.

Theorem 4.20. Let o = (o, .., ) and f = (B4, ..., By) be two partitions of
n. Let P, Q) be two coprime polynomials with complex coefficients and such
that the multiplicities of their roots are given by « and [ respectively, as in
4.2. Denote the difference P — @) by R and the greatest common divisor of

1,y ey O, 1, By by d.

1. Ifp+q < 5+1, then deg(R) > (n+1) — (p+q). This bound is altained
by some polynomials P and Q) for any partitions o, 8 = n that satisfy the
assumption.

2. If p+q > 5+ 1, then there is a weaker bound deg(R) > (d_dl)”. This
bound is also attained for some polynomials P and Q).

Theorem 4.21. Let A, B € C[X] be coprime polynomials with degrees deg(A) =
2k and deg(B) = 3k for some k € Z~g, so deg(A3) = deg(B?) = 6k. The de-
gree of the difference R = A3 — B? satisfies deg(R) > k+1. Furthermore, this
bound is attained for every value of k.

Proof. We begin by rewriting the problem such that it fits our situation in
4.2. Consider P = A3 Q) = B? we have n = 6k and the partitions o =
(32%), 8 = (2%%). The number of distinct roots is p = 2k and ¢ = 3k if we
assume that the polynomials A and B have simple roots. The lower bound
(11)is (n+1)—(p+q) =6k +1— (2k +3k) =k + 1. If A or B would have
roots of multiplicities larger than 1, then the number p or ¢ would be less than
2k or 3k respectively. Thus we would not attain the lower bound &k 4 1 with
this choice of polynomials, therefore we are not concerned with this case.

To show that the lower bound is attained, according to Proposition 4.18, we

49



need to find a plane graph consisting of 6k edges and such that each black
vertex has degree 3, each white vertex has degree 2 and each face except the
outer one must be of degree 1.

Such plane graphs can be constructed by starting to draw the 2k black vertices
in such a way that we have k41 outer vertices of degree 1 and all inner vertices
are of degree 3. We then add a loop around each outer vertex. Finally, we
can add a white vertex into each edge to get the desired plane graph, which
proves the attainability of the lower bound k + 1. For the case k = 5, one can
see such a plane graph below in Figure 7. O

(a) first stage (b) second stage

(c) third stage

Figure 7: Construction of the plane graph that proves the attainability of the
lower bound given in Theorem 4.21 for k =5

Remark 4.22. We have proven the existence of DZ-pairs for our motivating
problem, but to compute concrete examples is another challenge. There is
an example from [APZ20, Example 1.2], originally from [E00, Chapter 4], for
k = 5. The difference of the polynomials

AP = (X" —2X° +33X® — 12X7 + 378 X" 4+ 336 X° + 2862X* + 2652 X°+
14397X? + 9922X + 18553)*

B? = (2" = 32 + 512" — 672" + 9692 + 332" + 109632 + 97292°+
9650727 4 1086312° + 580785z 4+ 700503z + 21020992+
18776672 + 3904161z + 1164691)?
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is a polynomial of degree 6, concretely

A? — B? = 2031(5X5 — 6X° + 111.X* + 64X° 4+ 795X + 1254.X + 5477).
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